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ABSTRACT: We have developed a theory of counterion condensation in solutions of hydrophobic
polyelectrolytes. In the framework of Oosawa’s two-zone model we demonstrate that solutions of necklaces
can be unstable with respect to phase separation. This phase separation is triggered by the concentration-
induced counterion condensation. For the range of parameters at which the polyelectrolyte solution is
stable, we predict nonmonotonic dependence of the chain size on polymer concentration. This nonmono-
tonicity in the chain size manifests itself in the dramatic increase in solution viscosity at the crossover
to concentrated polyelectrolyte solution. There is also a possibility of two peaks in the scattering function
of qualitatively different physical nature observed in different concentration regimes. The scattering
intensity at the peak position increases with polymer concentration in low concentration (necklace) regime
and decreases with concentration in concentrated polyelectrolyte solutions.

I. Introduction

Numerous theoretical studies in recent years have
been devoted to properties of polyelectrolyte solutions.119
Polyelectrolytes are macromolecules carrying ionizable
groups,1=2 which under appropriate conditions dissoci-
ate, leaving charges on the chain and counterions in the
solution. Common polyelectrolytes include polyacrilic
and methacrylic acids and their salts, cellulose deriva-
tives, sulfonated polystyrene, DNA, and other polyacids
and polybases.

Most synthetic polymers do not dissolve in water due
to strong hydrophobic interactions between hydrocarbon
backbone and water molecules. The solubility of these
polymers can be significantly improved by introducing
charged groups. In aqueous environment these charged
groups dissociate by releasing counterions into solution
and leaving ionized charged groups on polymer back-
bone. The shape of a hydrophobic polyelectrolyte mol-
ecule is determined by the competition between elec-
trostatic and hydrophobic interactions. The hydrophobic
interactions cause polymer chain to collapse into a
spherical globule in order to minimize the number of
unfavorable monomer—solvent contacts while electro-
static interactions force the polymer chain to extend to
minimize the electrostatic repulsion between charged
monomers. Optimization of the hydrophobic and elec-
trostatic interactions results in the formation of a
necklace globulell17.20-25—3 set of small charged globu-
lar chain sections connected by long and narrow sec-
tions, called strings.

At finite polymer concentrations some counterions are
attracted to polyelectrolyte chains and may condense
on them.3526 The counterion condensation is due to a
fine interplay between the strong electrostatic attraction
of counterions to the polymer chain and the loss of
translational entropy by counterions due to their local-
ization in the vicinity of polyelectrolytes. In very dilute
polyelectrolyte solutions, the entropic penalty for coun-
terion condensation is very high, and almost all coun-
terion leave polyions and stay in solution. However, as
the polymer concentration increases, the entropic pen-
alty for counterion condensation decreases resulting in
the gradual increase in the number of condensed coun-
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terions. For polyelectrolyte solutions in good or ®
solvents for the polymer backbone the fraction of free
counterions decreases logarithmically with increasing
polymer concentration.??

The new phenomena for hydrophobic polyelectrolytes
is the avalanche-like counterion condensation.>2’ By
increasing the polymer concentration or by decreasing
the quality of the solvent, one can induce spontaneous
condensation of counterions inside the beads of the
necklacelike globule. The reduction of the effective
charge by condensing counterions increases the mass
of the beads initiating further deficit of counterions that
starts the avalanche-like counterion condensation pro-
cess. At finite polymer concentrations, this avalanche-
like condensation results in the phase separation of
polyelectrolyte solutions into dilute and concentrated
phases. In the present paper, we develop a theory of the
counterion condensation in solutions of hydrophobic
polyelectrolytes and calculate the phase diagram of this
polymeric system as a function of solvent quality and
polymer concentration.

In the next section, we review the necklace model of
hydrophobic polyelectrolytes. In section Ill, we inves-
tigate the stability of hydrophobic polyelectrolytes with
respect to the avalanche-like counterion condensation
in dilute and semidilute solutions. For the polymer
chains above the counterion condensation threshold we
calculate the chain properties, taking into account
effects of progressive counterion condensation with
increasing polymer concentration. Section IV discusses
the scattering from solutions of necklaces with con-
densed counterions. In section V, we address the
problem of the condensation-induced phase separation
in solutions of hydrophobic polyelectrolytes and calcu-
late the phase diagram of this polymeric system as a
function of solvent quality and polymer concentration.
Finally, in conclusion we present the comparison of our
results with computer simulations and experiments.

I1. Necklace Model of a Polyelectrolyte Chain in
a Poor Solvent!1.17

Consider a polymer chain with degree of polymeriza-
tion N, monomer size b, and fraction of the charged
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Figure 1. Necklace structure of a polyelectrolyte chain in a
poor solvent.

monomers f in a poor solvent with dielectric constant e.
An uncharged chain in a poor solvent forms a glob-
ule.>2728 The monomer density p inside this globule is
defined by the balance between the two-body attraction
—7b3pN and the three-body repulsion b8p?N. The result-
ing density inside the globule is

p ~ t/b® 1)
where the reduced temperature is given by
T=(0—-T)/O (2)

and O is the theta temperature of the polymer. Note
that in eq 1 and throughout the paper, we drop numer-
ical coefficients and keep our discussion at the scaling
level. The size R of the globule with the average
monomer density p is equal to

R ~ (N/p)1/3 ~ N1/3bT*l/3 (3)

The density fluctuations inside the globule are sup-
pressed on the length scales larger than the thermal
blob size &t ~ b/t. On the length scales smaller than &t
the polymer statistics is Gaussian.

The electrostatic interactions between charged mono-
mers on a polyelectrolyte chain in a poor solvent can
change the shape of the globule without significantly
affecting its volume. As in the case of the uncharged
polymer, the occupied volume is still controlled by the
solvent quality. A charged globule can spontaneously
deform if the energy of the electrostatic repulsion
between charges Fcoul & €2f 2N?/eR becomes comparable
to its surface energy Feurf &~ KTR2E772. This deformation
occurs when the total valency of the charge fN becomes
larger than the critical value (N7/u)¥2. Here the dimen-
sionless interaction parameter

u=Igb (4)

is the ratio of the Bjerrum length Ig—the length scale
on which the electrostatic interaction between two
elementary charges is on the order of the thermal
energy kT—to the bond size b.

For higher charge densities f > (z/uN)¥2 the polyelec-
trolyte globule splits into a set of smaller charged
globules (beads) connected by narrow strings—the neck-
lace globule (see Figure 1).1117 The size of the beads

Dy, ~ b(uf 5™ (5)
is determined by the stability condition
e’f °’m,?/eD, ~ kTD,” &; ° (6)
where

m, ~ t/uf? 7)
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is the number of monomers in a bead (mp &~ pDp3). The
diameter of the strings is on the order of thermal blob
size &t ~ blt. The length I, of the string connecting two
neighboring beads can be estimated by balancing the
electrostatic repulsion between two closest beads
kTIgf 2mp?/lstr and the surface energy of the string KTl /
&r. The equilibrium distance between neighboring beads
is
1/2
L ®)
uf

The mass of a string between neighboring beads mg; ~
plstr&r? is much smaller than the mass of a bead my

m 2\1/2
str ~ (%) <1 (9)
my T

In this case, the number of beads Npeaq per chain is
approximately equal to N/my, ~ uf 2N/z. Since most of
the necklace length is due to the strings (ls¢r > Dy), the
length of the necklace can be estimated as the number
of beads Npeag 0N the chain times the length of a string
Iser between neighboring beads

1/2

uf 2\1/2 N
I—nec ~ Nbeadlstr ~ b( T ) N~ b (10)
my

In this approximation the total free energy of the
polyelectrolyte chain in a poor solvent is

Fan I ’m, N Igf *N*

2
kTt °" D, L. N\ (11)

where the first term is the electrostatic and surface
energies of the beads, the second one is the electrostatic
repulsion between beads which is on the order of the
surface energy of the strings, and the last one is the
free energy of the polymer backbone in a poor solvent.
The electrostatic repulsion between beads (the second
term in the rhs of eq 11) is smaller than the electrostatic
energy of the beads (the first term) as long as the length
of the string Iy between two neighboring beads is larger
than the bead size Dy, and can be neglected.

Fch 2\1/3 2
ﬁ ~ N(Uf ) 7 — N7 (12)

Below we develop a theory of counterion condensation
for solutions of hydrophobic polyelectrolytes based on
the necklace model'?17 reviewed above.

I11. Counterion Condensation in Solutions of
Necklaces

Consider a salt-free solution of hydrophobic polyelec-
trolytes with monomer concentration c. At this monomer
concentration the volume V¢, per chain is N/c. To
describe the counterion condensation we will use the
two-zone Oosawa model.3 In the framework of this
model, the average volume per chain V¢, is divided into
two zones (see Figure 2). The first zone is occupied by
the polymer chain, the volume of which in our case can
be estimated as the number of beads on the chain N/my,
times the volume of a bead Dy3. The second zone is the
volume free of the polymer V¢, — Dp3N/my. In a salt-
free solution the number of counterions in the volume
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Figure 2. Schematic representation of the two-zone model.

Ve is equal to the net charge on the polymer chain fN.
The fraction x of these counterions occupies the second
zone with volume V¢, — Dp®N/my and is considered to
be free, while the fraction 1 — x is localized (condensed)
inside the beads (the first zone). The counterions local-
ized inside the beads reduce the effective charge on each
bead to myfx, weakening the electrostatic repulsion. The
equilibrium size of a bead Dy, with condensed counteri-
ons is still determined by the stability condition (see eq
6) where the fraction of the charged monomers on the
chain f is substituted by fraction of the effectively
charged ones fx. Taking this fact into account we can
rewrite the expression for the free energy per chain (eq
12) in the following form

FCh 2.,241/3 2
ﬁ ~ N(Uf X ) T N7 (13)

The ideal gas contribution to the free energy of the
system due to translational entropy of all counterions
(both free and localized inside beads) is

f1 — x)mbb3) )
KT

F
80 — f(1 — )N In( .

1-x
e

XN In +

3
—DNDT__ ) [ - % i
e(Ven =Dy N/My)

X ¢
=+ x In[—| +
XIn% +x |n(1_c) In(ft)) (14)
where € is the ratio of the average monomer density c
in solution to the monomer density p inside the beads

c _cb®

¢t~

The condensed counterions inside the beads also have
an additional “correlation” part of the free energy
Feorr.29732 This part of the free energy can be expressed
in terms of the coupling parameter

T = Ig((2—x)fp)"* (16)
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which is the ratio of the Coulomb interaction between
two elementary charges separated by the typical dis-
tance (f(2 — x)p)~1® to the thermal energy kT. The
expression for correlation part of the free energy Feorr
has a simple analytical form in the two limiting cases.
In the case of weak electrostatic interactions I' < 1 the
correlation part of the free energy reduces to the Debye—
Huckel weak coupling law.29:30.32

FCOI’I’

kT

~ —Nf2—x)I*?, forI' <1 (17)

In the limit of large values of the coupling parameter I’
> 1, strong electrostatic interactions between charges
lead to the formation of a strongly correlated Wigner
liqguid. The correlation energy of the liquid can be
estimated as the cohesive energy per charge I" times the
number of charges f(2 — x)N

2~ —Nf(2—x)I, forT'>1 (18)
kT
These correlation-induced attractive interactions can be
neglected as long as their contribution to the free energy
is weaker than that of the monomer—monomer interac-
tions. This is true when the parameter (2 — x)fT32 is
smaller than 72 in the weakly interacting case (I' < 1)
and (2 — x)fT<z? in the case of strong coupling (I" > 1).
For these two inequalities to be satisfied, the fraction
(2 — x)f of the charged monomers on a chain has to be
smaller than ru~?! for the Debye—Huckel limiting case
or 7°4u=34 in the strongly correlated Wigner liquid. If
the opposite inequalities hold, the monomer concentra-
tion inside the beads has to be obtained by balancing
the correlation energy with the three-body repulsion.
This case is similar to the formation of a polyampholyte
globule.33-36 Below we will restrict our consideration to
the case with negligible correlation energy.

Combining the free energy of the necklace eq 13 with
the translational entropy of the counterions eq 14, we
can write the total free energy per chain in the following
form

I:neckl

kT

1-x
e

=fN((1—x) In +x|n5+x|n(i~)+
e 1-¢C

ex?P + Infr—rzfl) (19)

where we have introduced a new parameter e.—the
electrostatic interaction between a bead and a counte-
rion at its surface in units of thermal energy KkT.

€.~

N5 (20)

~ |z

Igfmy, s
g

Minimization of the free energy eq 19 with respect to
the fraction of the free counterions x results in the
following nonlinear equation

~ _ 1-—x
C(GC’X) - 2 €
1+ x(exp(— —°) - 1)
X

This equation gives the relation between the fraction
of free counterions x and the polymer concentration c.

(21)
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Figure 3. Fraction of free counterions x as a function of
reduced polymer concentration € for different values of the
parameter e.

Figure 3 shows the dependence of the fraction of the
free counterions x on the reduced polymer concentration
C(ec,x) for different values of the counterion energy at
the surface of the bead ¢; (eq 20). Each curve for the
value of the parameter ¢; consists of two branches
separated by the turning point (€max,Xmax). The stable
solution of the eq 21 corresponds to the upper branch
of the curve (X > Xmax) Where xmax is the solution of
equation

1/3
X

(1- Xmax) (22)

For higher reduced polymer concentrations € > Cmax,
there is no solution of eq 22 and the free energy of a
single chain eq 19 is minimal at x = 0 with no free
counterions. This result indicates that the solution of
hydrophobic polyelectrolytes is unstable with respect to
macrophase separation into a concentrated phase and
a dilute phase of necklaces with a finite fraction of free
counterions. If the parameter ¢ > 1, counterions are
strongly attracted by beads and condense onto them.
However, for the small values of the parameter ¢; < 1,
the polyelectrolyte solution of necklaces is stable in the
entire concentration interval ¢ < 1. This stability
condition of the necklace globule with respect to coun-
terion condensation is similar to the one derived in our
previous publications.11.17

If the polymer solution is stable with respect to phase
separation (¢; < 1), we can calculate the properties of
hydrophobic polyelectrolytes in dilute and semidilute
polyelectrolyte solutions, taking into account the coun-
terion condensation. In this regime the fraction of free
counterions decreases almost linearly with increasing
polymer concentration (see insert in Figure 3)

c

&=2
2

x~1-¢, fore <1 (23)

Thus, there will be a concentration-induced cascade of
transitions between necklaces with different number of
beads. The conditions for these transitions are deter-
mined by the stability of beads with condensed coun-
terions mp ~ N/k =~ 7/(uf 2x?) leading to the following
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Figure 4. Dependence of the correlation length & on reduced
polymer concentration € in semidilute solutions. Logarithmic
scales.

expression

T tk
c, ~—1-— , fork=1,2,3,.. (24
K b3( uf 2N) (24)

where k is the number of beads on a chain.

The crossover from dilute to semidilute solutions
occurs at the overlap concentration for which the
distance between chains (c/N)~3 becomes on the order
of the chain size Lpec

3/2
*~NL, ~b 3N —F—— (25)
uf 21 — &%)

where ¢* ~ c*b% is the value of the reduced polymer
concentration at the necklace overlap. In semidilute
solutions (¢ > c*), the configurations of the chain on
length scales shorter than the correlation length & is
similar to that in dilute solutions. On length scales
longer than the correlation length &, the chain is
assumed to be a random walk of correlation segments
&. The correlation length at the overlap concentration
&(@*) is equal to the necklace size Lpec and in the
semidilute regime (€ > ¢*) is independent of the degree
of polymerization N4810.28

E ~ b(Uf 21_)—1/4(1 _ 6)—1/26—1/2 (26)

For small values of the reduced polymer concentration
€ < 1, the correlation length is inversely proportional
to the square root of polymer concentration.*810 With
increasing polymer concentration, the dependence of the
correlation length on concentration is weakened by the
decrease in the fraction of free counterions (see Figure
4). This string-controlled regime continues as long as
the correlation length & is larger than the length of the
string ls;r between neighboring beads. These two lengths
become of the same order of magnitude (§ ~ lg) at
reduced polymer concentration

( ( Ts )1/2)1
1+ |— 27)
uf 2

For higher polymer concentrations € > &, the electro-
static interactions between beads are screened, and we
expect one bead per every correlation volume &3.

The correlation volumes &3 are space filling ¢ ~ g&—3.
The number of monomers inside the correlation volume

g &~ my, since we have assumed that most of the polymer
mass is in beads (eq 9). Therefore, the correlation length

£ ~ b(uf 2)—1/3(1 _ 6)_2/36_1/3 (28)
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Figure 5. Dependence of the chain size R on reduced polymer
concentration € in semidilute solutions. Logarithmic scales.

decreases inversely proportional to the one-third power
of polymer concentration for the small values of the
reduced concentration € < 1. In this regime, the system
behaves as a dilute solution of beads. For higher values
of the reduced polymer concentrations closer to bead
overlap (€ ~ 1), counterion condensation dramatically
modifies this dependence, significantly reducing the
effective exponent (see Figure 4). Correlation length
becomes almost independent of polymer concentration.
Equation 28 predicts a minimum at ¢ ~ /3 and an
increase of the correlation length above this value.
However our model is unreliable in this regime ¢ > /5.
The scaling model cannot describe the transition from
semidilute bead-controlled regime for € < 1 to concen-
trated polyelectrolyte solution without necklaces € > 1.

Another interesting feature of the solution of neck-
laces is the nonmonotonic concentration dependence of
the chain size (see Figure 5). In the string-controlled
and bead-controlled regimes, the size of polyelectrolyte
chains decreases with increasing polymer concentration.

R() ~ bvN
uf 2\¥8 11 — g4 . ~ o~
- ( — ) string-controlled, ¢* < € < €,
7 ¢
2\1/6 4«
(%) (1 _ C)ll3 bead-controlled, ¢, <€ <1
T

(29)

At the crossover between the two regimes, the size of
the necklace is on the order of the Gaussian size R(Cp)
~ bv/N, but the conformation of the necklace consist-
ing of beads and strings is significantly different from
that of a Gaussian chain. Throughout the bead-
controlled regime the size of the necklace decreases
below the Gaussian size bv/N. However above the
beads overlap concentration ¢ > tb~3 the polyelectrolyte
chain can be viewed as a polymer chain in a concen-
trated © solution with size R(c) ~ bv/N independent of
polymer concentration. Thus, there is a sharp crossover
between bead-controlled necklace regime for ¢ < 1 and
concentrated polyelectrolyte solution for € > 1 with a
jump in polymer size on the order of (z3/uf?2)6 at
polymer concentration ¢ ~ 7h=3 (€ ~ 1). Our scaling
model cannot describe the details of this conformational
transition at beads overlap.

To experimentally verify our predictions of nonmono-
tonic concentration dependence of polymer size and of
its sharp increase at ¢ ~ b3, one would need to carry
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out scattering experiments on mixtures of labeled and
unlabeled chains. There is also a direct effect of the
sharp size increase on polymer dynamics that should
be easily observed with unlabeled chains. The increase
of the chain size at the bead overlap concentration ¢ ~
b3 is manifested in the dramatic increase in the
solution relaxation time and viscosity and in the de-
crease in polymer self-diffusion coefficient. Below the
crossover threshold (c < tb™%) the viscosity of the
solution is that of a semidilute solution of necklaces (see
for details ref 17). The viscosity n of the semidilute
polyelectrolyte solution of necklaces in the bead con-
trolled regime is'’

ﬁ uf 2 2
m, NT(l — €)%, unentangled
77nec((~:) ~ UB N3 ~ VR 3 2\3
I N—4(i) (1 — ©)° entangled

(30)

where #s is the solvent viscosity and n is a constant of
the order 5—10 related to the number of chains overlap-
ping with a given one at the entanglement onset.
Viscosity of the concentrated polyelectrolyte solution (c
> th73) is that of a solution of uncharged polymers in a
®-solvent.®”

N(cb®)? Nz?¢%, unentangled
&) ~ N ~ 3
7e(C) ~ 14 _43(Cb3)14/3 s N—4t14/3614/3, entangled
n
(31)

Thus, at the crossover (¢ ~ 7b~3) between unentangled
bead-controlled necklace regime and unentangled con-
centrated polyelectrolyte solution the increase in the
solution viscosity can be estimated as

3
U@(é)/ﬂnec(ﬁ)’“%, unentangled/unentangled (32)
u

For the crossover between the unentangled bead-
controlled necklace regime and the entangled concen-
trated polyelectrolyte solution this increase is

N2 ‘1717/3
n@(E)/nnec(é)%—‘l?, unentangled/entangled (33)
n"u

and finally at the crossover between entangled bead-
controlled necklace regime and entangled concentrated
polyelectrolyte solution, it is

23/3
16(€)/Mnec(€) =~ (Tf—z)s entangled/entangled (34)
u

This sharp increase in viscosity at ¢ ~ th~2 may have
an appearance of a “gelling” transition.

1V. Scattering from Solution of Necklaces

To compare the predictions of our theory with the
scattering experiments, we have to calculate the scat-
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tering function for solutions of necklacelike molecules.
This scattering function can be written as

sin(qDy,) — gD, cos(qDy))? N

S(q) = (cm, + C
(@) = (cm,, + C(9)) @D}

mibsmnm) (35)

where the first term describes the scattering in the
solution of charged spheres with size Dy, mass my, and
interbead correlation function C(qg). In semidilute poly-
electrolyte solutions the interbead correlation C(q) has
a peak at gpeax;& =~ 1. The second term in the rhs of eq
35 is due to polymer density fluctuations inside the
beads. The beads can be considered as concentrated
polyelectrolyte solutions with the average density p ~
7b~2 and fraction (1—x)f of the counterions condensed
inside beads. In this case, the monomer—monomer
correlation function Scon(g) on the length scales g1 <
Dy, can be approximated by38:39

3
Seon(@) = D (36)
con 2
o2, Al
120 2 +42

where « is the inverse Debye screening length due to
counterions condensed inside beads

K2 = Anlgpf(1 — X) (37)
For the wavenumbers q < Dyt the function Scon(q) is
constant S¢on(Dy1). The correlation function Se.n(q) has
a maximum at the value of the wavenumber g equal to

Opeakp-

Opeak, b = (487uf *pb%)¥? — k?b? & (uf *7)" (38)

In the range of the wavenumbers g such that gDy, >
1 the scattering function eq 36 can be rewritten as

cos*(qDy) c
S(g) ~ cmy T > (39)
(aDy) g’b® | Arlefo
T IR
12 q” +«

The scattering function S(q) in the region of the wave-
numbers g ~ Opeak, IS controlled by the interbead
scattering because the first term in the rhs of the eq 39
is larger than the second one by the factor (z3/uf 2)1/,
Thus, the peak position in the scattering function S(q)
is due to interbead scattering and is inversely propor-
tional to the correlation length of the polyelectrolyte
solution &(c) for polymer concentrations ¢ < 7b=3 (see
eqs 26, 28 and Figure 4).

Above the beads overlap concentration ¢ > b3, beads
disappear, and the polymer—polymer scattering func-
tion reduces to

1
q?b? N Amlf 2
12¢  o? + 4nlgef

S(q) = (40)

— 7b® + cb®
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Figure 6. Schematic sketch of the concentration dependence
of the peak position in the scattering function. Logarithmic
scales.

In this range of polymer concentrations, the peak
position of the scattering function S(q) will change with
polymer concentration as38:3°

Upeate, = b2/ (487uf %eb™) 2 — 4nlfeb? ~ (uf 2cb®)M
(41)
However, for this peak to be observed, the ratio

S(Gpear,)/S(0) ~ (f + (cb)?/((uf *cb®)™™ + (cb%)?)  (42)

has to be much larger than unity. If the opposite
condition holds, the peak disappears. It happens when
there is less than one charge per correlation volume or
f < (cb®)2

Figure 6 shows the schematic plot of the concentration
dependence of the position of both peaks Qpeak, and Opeak,
in scattering function S(qg). In semidilute solution of
necklaces at polymer concentrations ¢ for which the
correlation length of polyelectrolyte solution &(c) is
larger than the distance between beads ls the peak
position Qpeak, ~ £(c)~! shifts toward the region of the
higher wavenumbers with increasing polymer concen-
tration c as c%2. As the polymer concentration increases
the fraction of the condensed counterions increases as
well leading to growth of the beads and to decrease of
the effective exponent from %/, to a slightly lower value
(eq 26). The crossover from string-controlled to bead-
controlled necklace solution occurs at concentration cp,
when the correlation length of the solution &(c) is on the
order of the distance between beads ls. In the bead-
controlled regime, the peak position is predicted to
increase with concentration as Qpeak; ~ ¢, But in this
regime, one expects stronger contribution from con-
densed counterions. Near the bead overlap concentra-
tion ¢ ~ b3, our two zone model does not work well.
At this concentration there is a crossover between
interbead scattering with qpeax, ~ b~(uf 2)12 for ¢ < 7h=3
and scattering from concentrated polyelectrolyte solu-
tion without necklace structure for ¢ > zb=3. In this
concentration range, the peak position shifts toward the
region of higher g values as Qpeak, ~ b~*(uf 2ch3)¥4. Thus,
there is a sharp crossover in the peak position from Qpeak,
~ b™(uf 212 to gpeak, ~ b™1(uf 27)4. The peaks at gpeak,
~ &)™t for ¢ < b3 and gpeak, ~ b™1(uf 2cb%)¥4 for ¢ >
7b~3 have qualitatively different physical origins, and
their intensities have different concentration depend-
ences. The necklace peak in the bead-controlled regime
grows with concentration due to counterion condensa-
tion. The intensity of the peak in the concentrated
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polyelectrolyte solution for ¢ > 7b~3 decreases with
polymer concentration (see eq 40).

V. Phase Separation of Necklaces

Strong electrostatic attraction of counterions to beads
for larger values of parameter ¢, > 1 forces polyelec-
trolyte solution to phase separate into two phases: the
concentrated and the dilute ones. The equilibrium
polymer concentrations in these two phases are deter-
mined from the balance of the osmotic pressure and the
chemical potentials.

The free energy density in the dilute phase is obtained
by multiplying the free energy of a necklace with its
counterions (eq 19 with substituted € from eq 21) by the
density of polyelectrolyte chains cqii/N and adding it to
the entropy of mixing of polymer chains

1Fd||(cdll) ﬂln@
V KT N 'Ne

gecxm + In(1 — X) + Infr — f 12| (43)

Cainf
The free energy of the homogeneous concentrated poly-
electrolyte solution with monomer density cconc can be
written as follows

fc

conc
Ne + fc e IN .

3 2 6 3
™ Ceonc + b Ceonc

2 6

Cconc

1 FCOFIC(CCOFIC) Cconc
~ In

kT ~ N

<|

(44)

where the first and the second terms describe the
entropy of mixing of polymer chains and counterions
and the last two terms are from the virial expansion of
the Flory—Huggins free energy. The balance of the
osmotic pressure (m = —F/V + cd(F/V)ac) in the two
phases leads to the following equation:

x)c exp(— 2¢, ) ~ Ceonc
dil ~
3X1/3
3 2 6 3
H Ceonc + b Ceonc

conc 2 3

% + fxcg + f(1 —

fc

(45)

Neglecting the small 1/N and f terms we obtain the
polymer concentration in the concentrated phase Cconc
determined by the balance between the second and the
third virial terms. This concentration cenc is on the order
of the monomer concentration inside the beads:

Coonc ¥ P~ h° (46) (46)

The polymer concentrations in the two phases can now
be found by equating the chain’s chemical potentials.
Differentiation of the free energy density in the con-
centrated phase eq 44 and in the dilute phase eq 43 with
respect to polymer concentration ¢/N gives the chemical
potential of the chains in the concentrated phase

Mconc Cconc

~ In + fN In fc

T N conc — N7° (47)
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Figure 7. Phase diagram of hydrophobic polyelectrolytes.
Logarithmic scales.

and in the dilute phase (&(cqi)) < 1)

/"dll ﬂ f_‘L’ c._2/3 _ )_
KT ~ In— + fN Inb +fN( +In(1 — x) Nz

(48)

From the balance of the chemical potentials we can
obtain the relation between the fraction of the free
counterions x, the strength of the electrostatic potential
€, and the ratio of polymer concentration in the dilute
and the concentrated phases

In ﬁ —fN(%xm 4 n( - x)) (49)

Solving this equation together with eq 21 and assuming
that fN > ¢/x, we can write the relation between the
fraction of the free counterions Xgijj on the coexistence
curve and the parameter ¢;

3In(L — xg)
€c(Xgi) & — X—z,?,dl (50)
dil

To find the polymer concentration in the dilute phase,
the value of the parameter e(Xqi) given by eq 50 has to
be substituted into the expression for the reduced
concentration €(ec,Xx) in eq 21. In the limit of x4; — 1 and
€. > 1 this substitution results in

Cait ™ é exp(—e,) (51)

The last equation gives the dependence of the polymer
concentration in the dilute phase on the effective
temperature 7.

The results of this section are summarized in Figure
7, which shows the schematic phase diagram of a salt-
free solution of hydrophobic polyelectrolytes. The shaded
area corresponds to the two phase region. Above the
critical temperature for the values of the parameter
< (f/lu)13, a polyelectrolyte solution is stable with respect
to phase separation. In regime | of the phase diagram
(Figure 7), the thermal blob size &t ~ b/t is larger than
the electrostatic blob size De &~ Dy ~ b(uf 213, For the
range of the effective temperatures 7 < (uf 2)13 the
polymer—solvent interactions are not strong enough to
collapse chains, and they adopt the conformations
similar to the ones for polyelectrolytes in a ®-solvent
(regime 1). In regime Il the polymer—solvent interac-
tions start to dominate at small length scales and
polyelectrolytes form necklace globules. Depending on
polymer concentrations the chains can either be in a
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dilute regime for polymer concentration below the
overlap concentration c* (see eq 25) or in a semidilute
regime for ¢ > c¢*. In the semidilute regime the correla-
tion length & decreases with increasing polymer con-
centration c (see eq 26). The correlation length &
becomes on the order of the length of a string ls
connecting two neighboring beads at polymer concen-
tration ¢ & ¢, (see eq 27). At this polymer concentration
the system crosses over into the so-called bead-con-
trolled regime in which there is one bead per every
correlation volume &3 and polyelectrolyte solution can
be viewed as a strongly correlated charged colloidal
liquid of beads (regime I11). If the polymer concentration
increases further, the size of the beads increases due to
counterion condensation. For the effective temperature
7 < fBu~13, the correlation length & becomes on the
order of the size of a bead Dy, at polymer concentration

~ tb~3. At higher polymer concentrations the system
crosses over into concentrated polyelectrolyte solution
(regime 1V). However, if the value of the parameter 7 is
larger than fY3u~13 the system will phase separate into
concentrated polymer solution and colloidal liquid of
globules.

The phase separation in the solution of hydrophobic
polyelectrolytes was investigated by Dormidontova et
al.“® Using the weak-crystallization theory, the authors
have calculated a phase diagram of hydrophobic poly-
electrolytes. They found that the regions of stable
spherical microdomains organized into body-cubic-
centered lattice, cylindrical microdomains forming a
triangular lattice and lamellar microdomains. These
microdomain structures can also coexist with each other
as well as with the homogeneous concentrated and
dilute polymer phases. The specific feature of the phase
diagram in ref 40 is the domain of stability of the
cylindrical microdomains that separates the phase
coexistence region into two parts. Our phase diagram
is qualitatively different from the diagram calculated
in ref 40.

It should be pointed out that the weak crystallization
theory“? is only correct close to the spinodal line of the
homogeneous state where the relative amplitude of the
density waves, corresponding to the formation of the
microdomain structure, are smaller than unity. How-
ever, one can expect that in the strong segregation limit
with a well-defined interface between the concentrated
polymer and pure solvent regions, the cylindrical mi-
crodomains are unstable with respect to capillary waves
that forces formation of the necklacelike structure of
spherical microdomains connected by narrow string of
chains. Similar effect causes cylindrical polyelectrolyte
globules® to transform into necklacelike structures.11:21
This instability may qualitatively alter the low-temper-
ature region of the phase diagram of hydrophobic
polyelectrolytes calculated in ref 40.

V1. Conclusion

We have presented a theory of phase separation and
counterion condensation in solutions of hydrophobic
polyelectrolytes. In dilute and semidilute solutions,
hydrophobic polyelectrolytes form necklace globules
consisting of beads connected by strings. With increas-
ing polymer concentration, the solutions of hydrophobic
polyelectrolytes may phase separate into concentrated
and dilute phases or stay homogeneous depending on
the value of the parameter ¢; ~ (u/f)¥3r—the strength
of the electrostatic interaction in units of the thermal
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energy kT between a bead and a counterion at its
surface. Hydrophobic polyelectrolytes with large values
of the parameter ¢. > 1 phase separate into concen-
trated and dilute phases. The polymer concentration in
a dilute phase is exponentially low cgjj ~ b™3 exp(—ec)
for large values of the counterion condensation param-
eter ¢. This phase separation is triggered by the
counterion condensation inside beads. However, hydro-
phobic polyelectrolytes for which the value of the
parameter ¢. is smaller than unity are stable with
respect to phase separation throughout the entire
concentration interval.

The correlation length & of the semidilute polyelec-
trolyte solution of necklaces decreases with polymer
concentration in both string-controlled and bead-
controlled regimes. The correlation length & demon-
strates weaker concentration dependence in comparison
with that without counterion condensation.'” This cor-
relation length & corresponds to the peak in the scat-
tering function at wavenumber Qpeak, &~ £(c)~ in solution
of necklaces below beads overlap. Above the beads
overlap concentration, there are no necklaces, and the
concentrated polyelectrolyte solution may exhibit a
qualitatively different peak in the scattering function
at higher wavenumbers Qpeak,-

The size R of polyelectrolyte chain decreases through-
out the semidilute solution of necklaces. In the bead-
controlled regime, it becomes smaller than the Gaussian

size of the chain bv/N. At bead overlap concentration ¢
~ th~3, we expect the sharp increase of the polymer size

back to the Gaussian value bv/N at which it saturates
throughout the concentrated regime ¢ > th=3.

Computer simulations of the solution of polyelectro-
lytes in poor solvent were performed by Kremer's
group.?225 At low polymer concentrations, the polyelec-
trolyte chains were observed to form necklaces of beads
connected by strings. As polymer concentration in-
creases, the fraction of the condensed counterions on the
chain increases and chains shrink by decreasing the
length of strings and the number of beads on the chain.
Eventually, at higher polymer concentrations, a poly-
electrolyte chain forms one globule with the finite
fraction of counterions inside it. However, it is possible
that at high polymer concentrations the system is
kinetically trapped in a metastable state,?> and much
longer simulations are required to reach the true
thermodynamic equilibrium and to test the stability of
these globules. At the highest polymer concentration
reported in refs 22 and 25, polymer chains interpen-
etrate, leading to a concentrated polyelectrolyte solution.
The chain size is observed to increase back toward its
Gaussian value. The nonmonotonic dependence of the
chain size with polymer concentration is in qualitative
agrement with our predictions (see Figure 5).

The evolution of the polyelectrolyte solution with
increasing polymer concentration was monitored in
small-angle X-ray (SAXS) scattering experiments by
Waigh et al. for solutions of poly[2-(methacryloyloxy)-
ethyltrimethylammonium 1,1,2,3,3,-pentacyanopropenide]
(MPCP) in acetonitrile. In the low concentration range,
the peak position gpeak Of the scattering function in-
creases as ¢4 with exponent close to the ordinary
polyelectrolyte exponent 0.5. It is however possible that
the weaker concentration dependence of gpeak is due to
a counterion condensation effect. At the intermediate
concentrations, the peak position has a much weaker
concentration dependence qpeak ~ %137 which can be
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attributed to the predicted behavior of the correlation
length near ¢ ~ th2 (see Figure 6). The polyelectrolyte
peak disappears in the polymer concentration range
235—404 g/L and reappears again above 422 g/L at high
g values. The disappearance and reappearance of the
peak in the scattering function may be related with the
crossover to concentrated polyelectrolyte solutions. The
scattering in the concentrated regime is expected to be
qualitatively different from that in semidilute solution
of necklaces. Concentration dependence of scattering
intensity is qualitatively different at low (c < 235 g/L)
and at high (c > 422 g/L) polymer concentrations. The
scattering intensity increases at low polymer concentra-
tion and decreases at high polymer concentrations, as
predicted in section IV. This difference is due to qualita-
tive difference between the two regimes. The growth of
the intensity at low concentrations is due to increased
mass of the beads caused by counterion condensation.
The decrease of scattering intensity at high concentra-
tions is due to suppression of the polymer density
fluctuations in this concentration range. Another im-
portant observation is the high viscosity of the samples
with polymer concentrations ¢ > 422 g/L in the so-called
“gel phase”. It may be related to our prediction of
dramatic viscosity increase at bead overlap concentra-
tion caused by strong increase in chain size. Our simple
scaling model is unable to describe the details of the
transition at bead overlap concentration. More sophis-
ticated theory, more extensive computer simulations,
and experiments are needed to reveal the unique
features of this interesting transition.
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